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XVI Of the Rotatory Motion of a Body of any Form whatever,

revolving, without Refiraint, about any Axis paffing through

its center of Gravity. By Mr. John Landen, F.R.S.

Read March 17, 1783.

- SPHERICAL body, uniformly denfe, it is obvious,

- will, if made to revolve freely about any axis pafling
through its center, continue to revolve about the fame axis;
and, by what I have thewn in the Philgfiphical Tranfactions
for the year 1777, it appears, that a cylinder of uniform den-
fity, whofe length is to its radius- as v/3 to 1, will do the
fame. It likewife appears, by my Mathematical Memoirs,
Vor. LXXV. Tt that
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312 Mr. LANDEN's Invefuigation.of

that a cone, a conoid, a prifm, or a pyramidy &c. of certain
dimenfions, will have the like property of continuing, with-
out any reftraint, to revolve about any axis paffing through its
center of ‘gravity.

When' the axis, about which 2 body may be made to
revolve, 1s not a permanent one, the centrifugal force of its
particles will difturb its rotatory motion, fo as to caufe it to
changc its axis of. rotation, . (and confequently its poles) every
inftant, and endeavour to revolve about a new one : and I can-
not think it will be deemed an uninterefting propofition to de-
termine 1n what track, and at what rate, the poles of fuch
momentary axis -will be varied in any body whatever; as,
without the knowledge to be obtained from the folution of
{uch problem, we cannot be certain whether the earth, or any
other planet, may not, from the snertia of its own par-
ticles, fo change its momentary axis, that the poles thereof
thall approach nearer and nearer to the prefent equator, or
whether the evagation of .the momentary poles, arifing from
that caufe, will not be limited by fome known lefler circle.
Which certainly is an important confideration in aftronomy ;
efpecially now that branch of {cience is carried to great per-
fetion, and the acute aftronomer endeavours to determine the
motions of the heavenly bodies with the greateft exaltnefs
poffible.

I do not know that the problem has before been. folved by
any mathematician in thefe kingdoms; but I am aware that it
has been confidered by fome gentlemen, very eminent for theis
mathematical kl]oxvledge, in other nations. The folutions of

, given by the celebrated M. Lronnarp EurLer and M.
D’ArempeErT, | have {een: and we learn frem what the laft
mentioned gentleman has faid, in his Opufcules Mm‘/ycmalique;,;

that



| the Rotatory Motion of Bodies. 313
that a folution of it, ‘inveftigated by M. Jomn Arsert
Evier (after a method fimilar to his father’s) obtained ths
prize given by the Academy of Sciences in the year 1761. The
conclufions deduced by thofe very learned gentlemen differing
greatly from mine made me fufpect, for fome time, that I had
fomewhere erred in my inveftigation, and indaced me to revife.
my procefs again and again with the greateft circumf{pection.
At length my {crutiny has fo removed my doubts, that, being
well affured of the truth of my theory, I now beg leave to
prefent it to the Royal Sbciety; prefuming that it will be found
not unworthy of the notice of fuch readers, as are cutious in
contemplating the various motions which bodies may naturally
have, in confequence of inftantaneous or continued impulfe.

In the Philofophical Tranfaétions reterred to above, I gave a
{pecimen of this theory, as far as it relates to the motion of «
Jpleroid and a cylinder.  The improvements I have fince made
in it, enable me now to extend it to the motion of any body
awhatever, how irregular {oever its form may be.

What I here infer therefrom will be found to differ very ma-
terially from the dedutions in the folutions given by the gen-
tlemen above-mentioned. They reprefent the angular velocity,
and the momentum of rotation of the revolving body, as always
variable, when the axis about which it has a tendency to re-
volve is a momentary one, except in a particular cafe. By my
inveftigation it appears, that the angular velocity and the mo-
mentum of rotation will always be svariable in any revolving
body, though the axis about which it endeavours to revolve be
continually varied; and the tracks of the varying poles upon
the furface of the body are thereby determined with great
facility.

Tit2 It
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It is not only obfervable, that the tracks which the varying
poles take, in the furface of any revolving body, are fuch that
its momentum of rotation may continue the fame whilft its
angular velocity continues the fame; but it may be obferved,
that, in any given body, there is only one fuch track which a
momentary pole can purfue from any given point.

If the angular velocity and the momentum of rotation of &
revolving body were to vary according to the computations ad-
verted to above, it would follow, that a body might acquire ate
increafe of force from its own motion, without ‘being any way
affeted by any other body whatever, as the fame percuflive
force, applied at the fame diftance from the momentary axis,
would not always deftroy the rotatory motion of the body,
which furely cannet poflibly be true. From the principles or
laws of motion, which I confider as undoeubtedly true (and
which indeed are no other than the common principles of me-
chanics), I conclude that a revolving body, not affe@ed by any
external impulfe, can no more acquire an increafe in its mo-
mentum of rotation, than any ether body, moving frecly, can
acquire an increafe in its momentum, or quantity of motion, in
any given diretion, without being impelled by gravity or fome
other force, And the truth of this conclufion (which is here-
mafter proved by other reafoning) may be eafily inferred from
the property of the lever; feeing that the joint centrifugal
force of the particles of the revolving body (which is the only
difturbing force) has no tendency to accelerate or retard theis
motion about the momentary axis, but only to alter the pofi-
tion of fuch axis, the dire®ion in which that force as being:-
always in a plane wherein that axis will be found.

By the theory explained in this paper, -it appears that. a pa-
rallelopipedon may always be conceived of fuch dimenfions,

4 that
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that being, by fome force or forces, made to revolve about an

axis, pafling through its center of gravity, with a certain an-
gular velocity, it fhall move exaltly in the fame manner as any

other given body will move, if made to revolve, by the fame

force or forces, about an axis paffing through its center of gra-

vity; the quantity of matter (as well as the initial angular

velocity) being fuppofed the fame in both bodies; and due re-

gard being had, in the application of the meving force or

forces, to the correfponding planes in the bodies. Therefore,
as we may from thence always affign the dimenfions of a pa-

rallelopipedon that fhall be affeCted exallly in the fame manner

as any other given body will be affe&ted, as well with regard to

the centrifugal force of the refpetive particles of the bodies, as to
the a&tion of equal percuffive forces, or ofcillation ; it will,
after thewing how the dimenfions of fuch parallelopipedon may
be computed, be only neceflary, 1n inveftigating the propofition

under confideration, to determine the tracks and velocities of:
the poles of the momentary axis, about which any parallelopi-

pedon may be made to revolve.

Firft then to find fuch parallelopipedon (P), that, with re-
fpe& to the attion of fuch forces as are mentioned above, it
may be affeted exallly in the fame manner as any other given
‘body (Q). Let it be confidered that G (tab.X.fig.1.) being the
center of gravity, N a point of fufpenfion, and O the correfpond-
ing center of ofcillation or percuflion, the rectangle GN x GO-
will be an invariable quantity, the direCtion NGO continuing
the fame ; and that a cylindric furface being deferibed, fuch
that the center of the middle circular feGtion thereof fhall be
G, and radius =+/GN x GO, and whofe axis thall be perpen-
dicular to the plane wherein the line NGO 1s fuppofed to be
impelled to move; if all the matter in the body were placed:

ﬂlly
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any where in that furface, fo that G thould be the center of'
gravity of the matter fo placed, any giveil force or forces, alting
on the body in the plane jult now mentioned, would caufe the
line NGO inthe body to move exaétly i the fame manner as it
would move, if it were carried with the matter placed in the
{aid furface (as before-mentioned) after having been put in
motion by the a&tion of the fame force or forces. Moreover,
let it be confidered, that there will at leaft be three permanent
axes of rotation in the body Q, at right angles to each other
(as I have proved in my Mathematical Memoirs); and that,
fuppofing NGO to coincide with thofe three axes in three fuc-
ceflive cafes wherein the matter in Q_thall, in each cafe, be con-
ceived to be placed in a cylindric furface as defcribed above, we
may conceive it poffible fo to place the matter of the body,
that all of it fhall be in each of thofe three furfaces, and G
ftill continue its center of gravity. And, a computation being
made accordingly, it appears, that the matter of the body Q
muit be placed, in equal quantities, at each of the eight an-
gular points of a parallelopipedon (R) whofe dimenfions
(length, breadth, -and thicknefs) fhall be V2d  2f =2,
V& + 2/ —2d°, and V2d  + 2" —2f*; 'd, ¢, and f, being
the three values of /GN x GO, when NGO is fucceﬁively‘ a
permanent axis of rotation, with refpect to the body Q, in
three direftions at right angles to each other.

If Q_were a parallelopipedon, it may be eafily proved,
that its dimenfions muft be v/ 64" + 6f * — 6¢*, /6¢" + 6f* — 6a”,
and /64° 4 6¢’ — 6%, that the correfponding parallelOpiped011’
at the angular points whereof the matter of Q 1s conceived to
be placed as above, may have the fame dimenfions as thofe
which we have found our parallelopipedon R muft have.

2 Wher-
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Whence we may infer, that the parallelopipedon (P", which
we propofed to find, muft have the dimenfions laft written ;
namely, length, breadth, and thicknefs, refpetively equal to
V6d +6f* - 6e'y, 6 +6f° —6d°, and 64+ 6e — 6/
which may be confirmed by a more ftrit demonftration founded
on the principles made afe of in my jfourth Memoir. For it
appears by what is there proved, that the centrifugal forces of
the particles of any revolving body, in two dire&tions at right
angles to each other, may be exprefled in terms of A, B, K,
and variable quantities thewing the pofition of the momentary
axis ; and that, in a parallelopipedon whofe dimenfions (length,
breadth, and thicknefs). are 4, &, £; and whofe mafs, or con-
tent, 1s==M; A will b’e:.—l\g—z, ~B:I\§—§,~ and K:»l\-/:—z-z-. If there-
fore a be=y/6d"+ 6/ — 6, b=y/66 + 6/ =6, and k=
V64 + 66 — 6/ in fuch body,

Awillbe=3 xd + /=2,

M

B :;‘X 6’2 +jz _dz’
M T
K. = xd e —f".

But, inany body whatever,
M x d* is = the fum of all the «* + 2" x p,
Mxe: = the fum of all the y’ + = Y+ = xp,
M x.f* = the fum of all the x +y +y X Py

and~xd‘+e + f *=the fum of all. the x +y - +y° +z XPpiox, v,

and % correfponding to the place of the particle p in the body ;
x being meafured from the center of gravity upon a permanent
axis of rotation, ¥ at right angles to &, and % at right angles

to
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to y in a plane to whxch the faid axis is perpendicular.
‘Therefore,

A, which 1s = the fum of all the x* X will be =‘¥- xd*+f* ¢,

B, =the fum of all the y* x p, .—:% X esw—f-] r_d,
K, :thefumofallthcz’xp, : ,":_"—B;-[.— xd + &~

Hence it is evident, that d, ¢, and f being determined from
any body whatever, the values of A, B, and K will be the
{ame in that body as in our parallelopipedon P'; and that the
«centrifugal forces of the particles will be the fame in both bo-
dies. Confequently, their motions about fucceffive momentary
axes (whofe poles are varied by the perturbation arifing from
thofe forces), will be the fame in both bodies ; their initial an-
gular velocities being the fame ; as well as the pofition of their
1nitial momentary axes, with refpect to the correfpondent per-
manent axes of rotation in each body.

Let us now proceed to find how any parallelopipedon will
revolve about fucceflive momentary axes paffing through its
center of gravity: by which means, with the help of the
theorem juft now inveftigated, we fhall be enabled to define -
how any body whatever will revolve about fuch axes ; which is
the chief purpofe of this difquifition.

Fig. 2. and 3. The length, breadth, and thicknefs of the
revolving parallelopipedon (P) being 2d, 2¢, and 24, conceivea
{pherical furface without matter, whofe center is the center of
gravity of the body P, to be carried about with that body
during its motion ; and let the faid furface be orthographically
proje&ted, fo that the radius upon which & is meafured may be

reprefented
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reprefented by AB; the radius upon which 4 is meafured may
be reprefented by AD; and the radius AC, upon which ¢ is
meafured, may be projected into the central point A. Let P
be the momentary pole, and PQ_the continuation of the great
circle CP.  Let a denote the radius AB (= AD) g and ¢ the
fine and cofine of the arc CP; s and 7 the fine and cofine of
the arc BQ,, to the fame radius 2 ; ethe angular véloaity of the
body and fphencal furface, meafured at the diftance 4 from
the momentary axis; and M the mafs or content of "the paral-
lelopipedon (=8&c¢d).

Then the motive force E, urging the pole P towards Q,
will (by what I have proved in my Mathematical Memoirs) be
— Mgy

34’ |
pole in a dire&ion Po, at right angles to that in which E a&s,

e . I . 7
x Ds* = Ca’; and the motive force E, urging the fame

-"—‘Me:g x Ds¢z; C and D being equal to ¢* - 4* and d* =0 re-
34

fpe&tively. Let Pg be to Po as E to E; complete the paral-
lelogram oPgr, and draw the diagonal Pr. This laft men-
tioned line will (by what I have thewn in the Philofspbical
Tranfastions for the year 1777) be perpendicular to the tan-

gent to the polar track at P." Therefore Pp }7 Ig being the pro-
jeGtion of that track, and Pp an indefinitely {mall particle
thereof ; if pu be perpendicular to P#A, and the qmntmes

a’j-c, ¢*— 4", be not negatwe, ? « D7 =Ca will be to Ds#

(as Pg to Po) as pu to Pu, the triangles Por and Pup being
fimilar, and o7=Pg. But with refpeét to our {pherical fur-
face, pu will be to P# as ‘%{-to - %{; therefore, Ca” —Ds* xé‘

will be—Dg:s, axd" = D” i Whence, by taking the

Vor. LXXV. Un fluents,
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D, m2 - C'yz

A DBy
fluents, we have &'=4'x ——7=, and £=4" X il AP
£

Dg-i— ’
m and 7 denoting the values of s and ¢, when g is=a and?
y=o03 and B being put to denote the difference D - C=4* ~¢*..
If now B and & be put to denote the cofines of- BP and DP?

to the radius 2, we fhall, from what is done above,. have..
& _VYDZ—By gt VDnCyt

TR — R 1 9. —_ ~T -5
& Dz a D2

B 4y’ 3" =a®, BB-}—y-;zJ,—A‘ §=o 5=

PR -ty +d? 3 =0n 4 d'm®, and &f3 g -chy;;‘;}-;d S5=o0s

Drawing AR fo: that: D¥ x.fine of BR fHall be=Cla,. it is
wery remarkable, that the momentary. pole (P): will  run round
about the point B; or about:the point.D; in the fpherical furfacey
according as.the:initial pole fhall-be in . the part- BCR: or: DCR.
of the faid furface ; that is, accordingas.-Dw” is. lefs or greater
than Ca*:-and that; if the:initial’ pole (P) be any. where in
the greatscircl¢e CR, the momentary. pole, keeping im.the arc
of that circle, will’ continually. approach nearer and-nearer to
the point:C in-the furface of the fphere;:but, by what fol-
lows, we. fhall find that it:never can arrive at:that point.in any
finite time !*

The equation-ofi'the track. of:the pole-in the: projeftion to
which we have hitherto. referred. willy it:is now obvious,. be

a - Dm

B
YV =E X —15-C N meafured from the. center-A upon

AD,* bemg =35 and. y,. at mght angles thereto,. = 0.

If C be=o (thatis,. if ¢ be=4); » will be equal to-the in-
variable quantity m ;. the projected track;. a right- line parallel to
ABj; and the track upon the furface of the {phere, a- /lgfer
&jrede in a-plane parallel to the: plane of the great circle BC,

5 If
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If Cbe=D, y will be equal to the invariable quantity »;

the proje&ted track, a right line parallel to AD; and the track

on the furface of the {phere, a legffer circlein a plane parallel te
the plane of the great-circle CD.

If Dm* be=Ca® the projeted: track will be'the right line AR,

and y—-j x #3 the track upon the furface of the {phere be-

ing the great circle CR.
In all other cafesin this projetion, ‘the track will be an Ay~

Ca” 5 Dm
perbola whofe center is A, femi axis Acz»—?——?zq ,» and the

.. Ca®” «» Dm*{2
other {femi-axis ._——-—5———-} ; the nght line AR being always an

afypmiote.
Fig. 4. When the track is projeted on a plane ACD, to
which the radius AB is perpendicular (the point D being the

vertex as before) the equation thereof will be y”::(—l:)— x m - x“,..;
x, meafured from the center A upon AD), being =4 (as before) s
and y, at right angles thereto=9. This projetion of the track
of the pele will therefore always be an ellipfis ab (or a circle)
whofe center is A ; femi-axis Aa=m; and the other femi-axis

:]éqz x m: except ¢ benﬁ; in which cafe the projeted track
will be a 7ight line ab parallel to AC.

Fig. 5. Moreover, the equation of the track projetted on the
plane ABC, to which the radius AD is perpendicular, will be
y’:-;.—lé—><nz~--x2 ;5 ¥, meafured from the centet A wupon AB,
being =@ and y, at right angles thereto, =¢. The track of
the pole in this projection will therefore always be an el/ipfis

Uuza ah
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ab (or a circle) whofe center is A ; femi-axis A a=#z; and the

other femi-axis:g’li X713 except c’bezd ; in which cafe the
projected track will be a right line ab parallel to AC.
~ With regard to the permanent axes of rotation of our paral-
lelopipedon, it appears, by my Mathematical Memoirs, that if
two of its dimenfions be equal (that is, when the body is a
fquare prifin), any line pafling through the center-of gravity of
the body, in a plane to which the other dimenfion is perpendi-
cular, will be a permanent axis of rotation; as will the line
-pafling through that center, at right angles to that plane. If
all the three dimenfions be equal (that is, when the body 1s a
cube), any line whatever pafling through the center of gravity
of the body will be a permanent axis of rotation.

It is obfervable, that the momentum of rotation of the
body, about the momentary axis, is found by computation

always.= afz— X 6'm* +c*a’ + d*n*, edenoting the angular velocity.

But {; x 6'm* 4@ +d*n* 1s the initial momentum of rotation.

Therefore, confidering the momentum of rotation as invariable,
the angular velocity will be invariable, ¢ being always=f;
which here denotes the initial angular velocity.

- Our next bufinefs 1s to find the length of the track defcribed
by the momentary pole (P), upon the {pherical furface; and
the velocity of the pole in that track.

Fig. 2, 3. It appearing, that the motive force E 1s=
P — Me> ——— e
~—f¥ X Dm -Ca* x § , and the motive force E= EL x¥' D’ - Cqyl

XV Dn* = By'y we ﬁnd F Vv E*4 E* (the force compounded
of thofe two forces) = — >< v D'm'n = BCa’y 5 and, F being

3 to
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to E as a to the fine of the angle pPu, it follows, that the
D —Ca* X ay

it . and 4 =
PV oo its cofine

fine of pPx will be =

& VD> —Cy?* x ¥ Dr> —By*
) gVDz 250 BCazyz

( ”?7) the fluxion of the arc PQ to (2) the fluxion of the polar

o T
v Dm* — Cy* x v Di* -—.B'y

Now, PpLN being a quadrant of a great circle (touching the
faid polar track at P), and NAN a diameter of that circle; if
we put w to denote the diftance of any particle () of the
parallelopipedon from that diameter, and G to denote the ac-
celerative force of any fuch particle when wis=a; the motive

. Therefore, that cofine being to radius as

track on the fp-herical furface, 2 will be=

force F (= % X v/ D'm’n* = BCa*y*), computed above,will be =

G . . . .
5 Xthe fum of all the w’* x p; which fum, by computation, is
M 7 4 0% . D’ — b2 + CdE + d2n? . BCy? |
found = 5 X Do —BCy . Confequently,

, . .

5P —BCa
will be = & X = L .
G wi B AT Dt — P+ CdP - d'n” . BCo? But, by

what 1 have done in the Philofopbical Tranfactions for the

~

year 1777, f—; will be = v = the velocit‘y’ wherewith the
momentary pole changes its place in the {pherical {urfice to
which it 1s referred. Therefore,

Dmn BCa'1

42+b2 D*m*n® — b*m* + ' + d*n” .

2 will be-— 7 X T BC and = ’F

.
. . a ¥ dl bz I ’Z 2 “z

the fluxion of the time="L x <+ i — '’ 4+ 4 o BC?

¢ v DmP-Cyix. ~/Dn —By? x D*m*n*~ BCa%y*

—
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b'm®+ 2a yd*n® ¥ Dm*—Cy* x V' Drn*— By*
= X

+

I/lz-*-a a +tl n
VD —Cy? X ¥V Di2—By4 x L%n*n* ~ BCa®y*

= B Dn* — Ca® X D’mzlzz';
¢ which,

>+ 0. a*y
¢ VBC. a*—s

svhen Dm® 1s=Ca?, becomes =

It is evident, that % «/”“ . xax hyp. log. of — , the value of

T in that particular cafe,_ will be /nfinite when o is = a; and this
conclufion agrees with what is faid above refpe&in_g-thé motion
of the momentary pole along the great circle CR (fig. 2.
and 3.). .

I have not found, that the valuc of T will, in general, be
affigned by the arcs of the conic feétions ; but my Tables * thew,
that it will be fo affigned when Dm* is=Bgs? and in {fome
other particular cafes.

We have ftill to inveftigate the track of the momentary
pole in the zmmoveable concave fpherical furface, which we
muft conceive to furround our moveable convex fpherical {ur-
face, fuppofing the center of both thofe furfaces to coincide
with the centers of gravity of our parallelopipedon : which
central point is always in this difquifition fuppofed at reft.

Let AL be the projeftion of part of a great circle CL,
at right angles to the great circle PpLLN; then will the

Dm*—Ca*x .
fine of the arc CL be = VW’ its cofine =

5 :
D2/ Da’m*n* — Dm*— Ca*m* + Ca*n* . ¥* .
v W o ; and, the fluxion of that fine

Dm*—Ca? XDzm’nz;
Dlm BC 2 2’

¥ Mathematical Memoirs, publithed in 1780,

being = , the fluxion of that arc (CL) will be
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_ D —C& x Dlanii’y
_m'x V' Da*m*n® — Din*—Ca*m®* +Ca*n* . ¥*
the fine of thearc PL being = — VD — Cr X /D — By~ ;
D2/ Da*m’n* —~Dm*—Ca*m*+Ca*n* . o>
and this fine being to radius as the fluxion of the arc CL. to the
meafure of the angle of contattof the polartrack on the moves<
ble {pherical furface with a great circle, we find that meafure
D’ — Ca* x D*niny Dm* — Ca® x D¥m?n?s;

T VD —Cy*x ¥ D = B X Dot — BCary Do —BCy): )

The meafure of the angle of conta&t of the track of the
momentary pole, in the immoveable {pherical furface, with a
great circle, will accordingly be

. D% — Ca? x D2m?n*%  6*mP + Fd®+ %1% .

= ) .
el — Y = e by means of which

» Confequently,

meafure we may defcribe, by points,. the track of the momen-
tary pole in the fpherical furface laft menticned.

There are other methods of finding that track ; but I know
none that is lefs difficult than this method,. or in any refpe&t
more {atisfatory.

The radius of the leffer circle, which is the circle of curva-
ture of the polar track in our immoveable fpherical furface,
will be =

ai’ VD "t —BCa'y"

¥ %7} 1q.of the meaf.of the ang. of cont. TV Y ey e+ ) ent— BCy? ’

When B is=o, or very {mall in comparifon with D, and
Dm? is lefs than Ca®,. the laft: mentioned radius will be equal, or

nearly equal, to the invariable quantity Dmn .

VT i gain®’
the track of the pole in the immoveable {pherical furface being
then exaltly, orvery nearly, aleffer circle. At the fame time,

the
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the polar track upon the moveable fpherical furface will be

exaltly, or very nearly, a leffer circle whofe radius is m.
When Cis=o, or very {mall in comparifon with D, and

Dm® is greater than Ca?, the track of the pole in the immovea=

ble fpherical furface will be exaltly, or very nearly, a lefler

" Dmn

ctrcle whofe radius is = — ; and then the polar

V4c4m2+c2+ Pk
track upon the moveable f{pherical furface will be exally, or
very nearly, a lefler circle whofe radius is 7.

Whatever the curves may be which the momentary
pole fhall defcribe in thofe two fpherical furfaces, the track
upon the moveable furface will always touch and roll along
the track in the immoveable furface (whilft the common cen-
ter of both furfaces remains at reft), in the manner defcribed
in my Paper in the Pbhilofopbical Tranfactions for the year
1777 5 the velocity of the point of contact being equal to the
value of v computed above, which velocity when Bis = o, or very
{mall in comparifon with D, and D#?* is lefs than Ca®, will be

d*—b  mne .
exaltly, or very nearly, =-=7 X —; and when Cis=o, or

very {mall in comparifon with D, and Dm* is greater than Ca?,

A’ mne
vl
The polar track upon the moveable fpherical furface
will always roll along the convex\ity‘ of the track in:
the immoveable fpherical furface; the convexity or con-
cavity of the former being turned towards the convexity
of the latter, according as Dm* is greater or lefs than Ca’.
Which track in the immoveable {pherical furface, when it
is not circular, will touch a certain circle as often as y, during
the motion, fhall become=o0; and likewife another parallel

circle

that velocity will be exaétly, or very nearly, =
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. T
R . Ll My
circle as often as ¢ fhall become equal to g X 1, or ;] X 13

the parts of the track between the points of contact being per-
fe&ly fimilar.. If D be=Ca* (D#* being then=Ba’, and

t T
D): D) . :
confequently g Xm= —g X n=a), the faid track will make

an infinite number of revolutions about a certain point, con-
tinually approaching nearer and nearer thereto, wichout arriv-
ing thereat in any finite time, though the length of the {piral
{o defcribed cannot exceed a certain finite gqnantity.

- M. Evier has computed, that if the motive forces to turn
the revolving body about AB, AC, AD, be refpe@ively de-
noted by H, I, K;; '

¥4 M
H will be== + SE-xflux. of ef =2 . By,
3 a3 B
M d2+b ,
1 3—;—1:-— x flux. Oft’y-{—~——~ Déepe,
M Al
K =3 7 flux. of e3-—-——— CeBy;
(l

9 being fuppofed to decreafe asT mcreafes: and he has put the -
value of each of thofe forces (H, I, K) =o. In doing fo, it
feems to me, that he has erroncoufly affumed equations as
generally true, which are only fo in a particular cafe. For

vl Bey §is the motive force to turn the body about AB, arifing

from the centrifugal force of its particles revolving about the

momentary axis AP, fuppofing the pole to keep its place;

M d2+c
and Pl —— X flux. of ¢fB is the value of the motlve force

requifite to caufe the whole variation of the velocity ( 7) about

AB. But the firft mentioned force alome does not, in general,
Vor. LXXV: X x caufe
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~caufe a/l the variation of the velocity about AB; that velocity
varies in confequence of the evagation of the pole P; and that
evagation is caufed by the motive forces urging the body to
turn about AB, AC, AD, conjunétly. 'Therefore the motive force
3a5 * Be'yd about AB only will not, in general, be equal to

M &
3 -tc-xﬂux of eB, the value of the whole motive force
a3

requifite to caufe the variation of the velocxty ——, as M. EvLEr

reckoned.

The like ob}e&ion may, I conceive, be juftly made to his
other two equations fimilar to that which is here particularly
adverted to. " _

M. D’AremBErT’s radical errors, in treating this fubjedt,
appear to me nearly fimilar to M. EvLER’s. B

Other arguments may be adduced to prove, that the equa-
tions aflumed by thofe gentlemen are not well founded. If the
forces to turn the body about the lines AB, AC, AD were
each = o, the velocities about thofe lines muft each remain inva-
riable; but it feems abfolutely impoffible that they can ever
remain fo, whilft the angles which thofe lines make with the
momentary axis are each continually varying. Moreover, ac-
cording to their conclufions, the tangent at P to the track of
polar evagation, upon the moveable fpherical furface, will not
always be perpendicular to the dire&tion in which the pole P
will be urged to turn by the joint centrifugal force of the par-
ticles of the revolving body ; whereas it is proved, Iprefume,
beyond a doubt, in my Paper above-mentioned, that the faid
track will always be interfeed at right angles by the direction
in which the momentary pole fhall, at any inftant of time, be

urged to turn by the force caufing its evagation.
4 If
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If we refolve each of the three forces H, I, K, into two

others; the one to turn the body about the diameter NAN, and

the other to turn it about the momentary axis PAP, at right

angles to that diameter; the forces to turn it in the laft men-
tioned diretion, arifing from the faid forces H, I, K, will be

FH_M &2 X f flux. of ¢35 By,

a 3 a*T

I M g%

z==. 5k +2 o flux, ofery-i-—-- D'y,
.a

K. M &+

e @

: xé‘ﬂux. of 38-;1—6 - Ce*Bya.

a 3 a*T
‘The fum of thefe forces, it is obvious, muft be=o; the di-
reftion wherein they are fuppofed to aé being at right angles
to that in which the body will be actually urged to turn by the
joint centrifugal force of its particles, and that being the only
force whereby the motion of the body is fuppofed to be affe&ed'

which fum (B+C-D being=0) is, when divided by

_[FFE Be+d+F .y ++E e }~ _
”{m.eaé+m.e«y;+m.ess =
But BB+ 9y +88 being before found=o, we have
4+ XBB+yy+3d=0; and bZB,.G+cZ'y:y+d’d‘3 being
alfo found=o; it evidently follows, that
I ic PR+ +E yyt+ b . 8 willbe=o.

Therefore d*+¢* . Fe+d*+ 5 . e+ c*+ 5 . de will be=o
confequently ¢ will be =0, and ¢ invariable; which agrees with
what is faid above refpe&ting the momentum of rotation.

The other forces arifing by refolution from the forces H, I,
K, to turn the body about the diameter NAN, will be
Xx 2

3aT
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B'yf}H__ M B4l M 2
T8 T T 3d8 o - Be 733'*‘"‘5‘-]329’3‘2’
DB M 8 s Arhg
ST @ e D"m?ﬂass LY
CByK M 3 +bz N2 2,

S being _.\/Dlm n— BCa

And, no external force being {uppofed to aé’c on the body, it fol=
lows, that the fum of thefe three forces muft be=o: there-
fore we may infer, that

dY =ty 38— dt— bt By 4 A b4 Byd

TG DR Oy

ing with the value of T' found above, the truth of our pre-
ceding procefs 1s thus confirmed.

The force {(R x B’y*d* + D*@*9* + C' @7, arifing: from thofe

T will be:?; %

3 which agree-

three forces, is the whole joint centrifugal force of the particles
of the revolving body, to turn it about the diameter NAN the
way it will atually be urged to.turn by fuch foree; the value

whereof fo computed will be. (= 2—% XV D'm'n* = BCa'y’ =

1\_;%2;> equal to the value of the force F computed above, both-

being confidered as urging the body to turn in the fame
diretion. And the quantity

1‘: X+ 8=+ b DS+ . CRyY

3a°s
(_—7—- x the fum of all the w X p)is-the value of. the motive

foscc wh1ch, aing in that very dire&tion, is requifite to caufe
the momentary pole to change its place as above defcribed.
Thus we fee diftinctly how the equation arifes, by which the
value of T'is jufk now determined. Ido
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Ido not find that the refolving the forces H, I, K, in any other

manner will conduce to the attainment of any ufeful conclufion.
It appears, by what is done above, that the force

His =-
I is: % BC . Cn* - Bri* .
3a R'l ? y’
-M
Me o BDYS;
3a3R"

R being =B%3*D*33* 4 C°B*y.
And it is obvious, that each of the three laft mentioned forces.
will be=o, if any two of the quantities- 4, ¢, d, be equal;.
two of the values of thofe forces then vanithing, by reafon of
that equality; and the third value alfo vanithing by either

B, 3, or &, being at the fame time=o. ‘Therefore, in that
cafe it happens, that M. EurLEr’s computation: agrees with
mine: in every other cafe, I am clearly of opinion, his con-.
clufions are not true. ‘The fame may be faid of M. D’ALEM--
‘BERT’s conclufions refpecting the fame propofition.

- The evagation of the pole of a revolving body confidered
above, does not arife from gravity, the attraGtion of any other
body, or any external impulfe whatever; but is only the con-
fequence of the snertia of matter, and muft neceflarily enfue,
according to the theory here explained, in every body in the
univerfe, after having been made to revolve, without reftraint,
about any line pafling through its center of gravity, that.is not 4
permanent axis-of rotation.

The Earth being neither uniformly. dénfe nor a perfeé&x
fpheroid muft, in ftri@nefs, be confidered as having only three
permanent axes of rotation, agreeably to. What I have proved
in' my Mathematical Memoirs;  and, as it is difturbed in its
rotatory motion by the attrattion of the fun and moon {and

other
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-other bodies in our fyflem); it follows; that it will notconti-
nually revolve about ecither of thofe axes, but will revolve, or
endeavour to reimlvc, about {ucceflive momentary axes, as tThewn
above. If then its three permanent axes of rotation be called
its firfl, fecond, and third axes; and the poles of its fir/l axis be
thofe about which its momentary poles are carried according to
our theory ; the fecond and third axes will be in the plane of its
-equator, the three being at right angles to each other. There-
fore, with refpet to the above theory, this terrefirial mafs muft
be confidered of fuch a form, that its equator, and any fection
parallel thereto, fhall rather be elliptical than circular. And,
denoting its firft, fecond, and third axes by 4, ¢, 4, refpettively,
obfervations evince, that the difference ¢ -4 will be much
greater than the difference d—¢c.  Whence it follows, that (fup-
pofing the earth’s rotatory motion to be difturbed only by the
centrifugal force arifing from the 7nertia of its own particles) the
track of polar evagation with us will be nearly circular, antl the
radius of the limiting circle very {mall, whether we have regard
to the moveable or immoveable {pherical furface referred to
above; but that, in the latter {urface, fuch circle will be much
lefs than in the former: and it moreover follows, that the con-
cavity of the track upon the moveable furface will continually
touch and roll along the convexity of the track in the immove-
able furface.

In other planets, the tracks of polar evagation may, from a
fimilar caufe, be very different. ‘The theory above explained
evidently proves, that their axes of rotation may poflfibly vary
greatly in pofition, merely through the inertia of matter ; whilft
Providence has fo ordered it, that the pofition of the axes of
rotation of this planet fhall, by that caufe, be but very little

altered.
AN
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